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Abstract

The Faraday Eﬂ'ect is the rotatmn of the plane of Imea.rly polanzed hght propagatmg paxaﬂei to al

i 'magnetlc field. : The angle of rotation is pmportlonai to the densn;y of the medium, the magnitude: of.'

“the applied: magnetlc field; a.nd the polarization of the medium. By monitoring the amouit of Faraday:

. Rotation: in ‘the; ta.rgeﬁ el the relatwe populations’ of: all the magnetic substates of: the alkali metal -
;" Vapor. can ‘be measured.” Usmg thls popuiatlon distnbutmn and the total amount of Fa:ada.y Rotatlon,-' :
~the vapor densnf;y and polarization can bé deduced This tech note will develop sorie of the mathematral'- S
appa.ratus discuss some. practxcal aspects of the expenmental procedure, and cata.log some usefui physncal

3 data and constants RN : : S :
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o 1 A Br:ef Mathematwal Descrxptlon of Polarlzed nght

. 1 1 Introductlon

P We wﬂi use the Jones conventlon for deﬁmng the pelanzdtmn state of the hght (vectors) and the actlon of :_
the various optical elements (matrlces) This conventlon uses complex number representation and 4 linear

: 'polanzatlen basis. The electrlc ﬁeld component of ¢ a,n electromagnetlc wave with propagatlon vector k= k3 :
at time ¢ is : '

By = E’oawwa-_:] o

Bye = Ege'™E, E (3) -
By = FEod™E, ~ o (4)
: Bypeie= o _ : ' o
7 = [Ezem}. B

- where the refa.tlve phase shlﬂ; is cx = qg ay. At a fixed pomt is space dJld aver one perlod (- 2") in time,

o . E sweeps out an eHlpse 111 the B, Ey plane given by (from Born and Wolf or Jackson)

_ Ez 2 _E; . E E_. . ) 2._ - _ .
( Ea;c) + ( EOy) 2 T, EOy cos(a) - sin® (o) o (6):

: Fmally, only the time avera,ged 1nten31ty of the hght is measured - PR . o B T

I>ume.\[*'-* \/‘EIE—%BIB) o
1. 2 Llnear Polanzat:on

For linear pela,r}zation the reiatlve phase shlﬂ: is an integer multiple of haIf a wave, .-
o= :i:n'n' _ ' ] (8)

or in other words the two coinponente are in phase. Eqn. (6} becomes degenecrate,

(B (2) () (&)




AN A

i w1th solutions . -

2o 10):
By Fus (10

o 'Two spec1ﬁc solutlons are the orthogonai axes of the BBy p}ane which correspond to horizonta,l a,nd verticai -
hnea,riy poiarazed hght Horlzontai lmearly poiarlzed hght is denoted by R : S

N

PRl
' Vertlcal hnearly polarxzed hght is denoted bY SR _. .. _ : .. | N
[8) [ Y= P R .. : . C12)

Lmear polanzation at an angle g counterciockmse from the E -axis is- _

) When the relatzve phase sh1ft is d qudrter wave,

'th:e'.n eqn (6) reduoes to0 'ai'ciroﬁe - o

| '1 3 Clrcular Polarlzatlon

:i:(2n+1)—_" o g .. @9

' and the mdgmtudes of the two components are 1dent1ca1

E2+E?=1 . e

g The two Orthogondl states are iabeled by their helicity, namely the szgn of the prolection of the spin to the:: -
'propa,gatlon vector, nght c1rcu1&r1y polamzed 11ght o : : f

2 | H

= 1+>

S followmg the mght hand ruie such that the spm is pa.rallel to the difeCtiOn_ of _propagation. Zoft cifo_oiarly_ '
. polarlzed hghf; ' ' : Lo : S L

o=t >~£" 1] o

—i

_ . is antlparallel Note that the standa,rd optics oonventlon is opposﬂ;e to the hehmty conventlon In the helicity
. convention; for right circularly pola,rized hght E rotates counterclockwise in the E -E; plane at a fixed point =
in‘space. In the standard optics convention, for right c1rcular1y polarized hght B rotates counterclockwise o
. - in the B;-E, plane at a fixed moment in time as you move fowsrd in the du‘ectlon of propagamon See ﬁg o
(1) Unie‘ss otherwrse noted the helzcaty conventwn will be used. ' : '

a5 1 4 Beam Spllttmg Polarlzmg Cubes

A beam sphttmg poiamzmg cube (BSPC) snnply sphts an mcommg beam into it's two hnearly polarized

components. Once separated the two beam paths are orthogonal, see fig. 2 The horizontal component P
is selected by :

A 10 |
_ | Cp = l: 0 0 } . (19)
and the vertical component & is selected by
A 0 0
s = [ 0 1 } (20)

| (1_7)"_. ke



SN fixedmoment o/ o N fixedpoint. o S
SN dmtme o T e > . inspace . A

i Flgure 1: Right (hehmty) c1rculariy polarized hght Left fixed time, forward in space nght ﬁ.xed space,' :
- forwa,rd in time ' - . '
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Figure 2: Top.view of BSPC
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- Figure 3: Ceerdiﬁafe System of_e Waeepl.ate: -
: 1 5 Waveplates _ : Gt _ _ :
A wa.veplatc i§ 'an opmcal eiement that has d1ffermg mdwes of refra,ctmn along two orthogenai axes, sée
- fig. (3). This results.in a net phase shift between the components of the polarization vector. First, the

N :'polanz&tlon vector hias’ to be: expressed in ‘the basis of the waveplate Therefore, a passwe or coordmate
: System rotatlon of angle [ radlans is performed : : S

. fo_ilox’#ed_ by & relative phase 'reta;dation o_f ,8,'_ _ o i _ Lo RS
- : e exp(iﬁ) 01 o
vos[P o @
' and ﬁnaiiy a rotation dek to the ongnal bams R( ¢} The complete wavepiate operator is thus _ _
W(46) = RC-OW(9)R() S @

: (Note that for 1 compiete wave, ﬂ = 27.) Typxcally the fast axis 1s taken to be vertlcal It is easy 1:0 show
‘that fora quarter-wavepiate at angle of 45° :

5 1 1+4 '—1+z-' o : -' o
: _ -W%(zi)-_z-[ —I+z 1+i]--' S S (2.4_)- =
and’ ahaif wa,veplate a,t a,namgle of q&:s snnply arotatlon by 2¢ o o L _
' [ cos(2¢) —sin(2¢) SRR :
Wl (¢) . {3111(2@5) . cos(2¢) o _ (25) &

' To be exphcxt 3 quartepwavepiate Wlth its fast axis rotated countercloeszse by 45" turns horlzontai hnea,rly o
o polanzed hght mto nght c1rcularly pold.nzed light, o

n(Hm = - e
W (D = et - (8)
W() =+ | (29)

and so forth following the simple pa,ttern Pa+R—3S5>L-3P. An angle of 45" simply reverses the
direction of the arrows. A half-waveplate, also at +45°, simplify flips P <+ S and £ < R. Note that on the
RHS of the first three équations, there is an overall phase factor which for our purposes is irrelevant.

()W>=?ﬂe~ﬂff :' 5 'ffme»“



2 Quantum Mechamcal Treatment of an Alkah Metal Atom 1n a'_'
. Magnetlc F1eld

2 1 Notation & Conventlon.s

R : All quantltles w111 be denoted in SL Angular momentum operators will be umtless

S BUm = UeDm)
“J, IJmJ) = mJ[JmJ m;-— S A% SR ' B ¢
Je = Joxid, RN EE TR N By
J:i:lJmJ) 4““ \/J(J+1) mJ(mJi’IHJmJil) BRI .'1 (33)

_.The stat1st1cal welght is denoted by [J] a,nd is deﬁned by [J] = 2J ~i~ 1 The magnetu: moment amsmg from_ '
' spm w111 be written SR . S L

| ﬁsz "Sﬁ o e 69
e B %r— QS;U:: | T g e (35) ..
:The magnetie moment ansmg from the orblta,i angular momentum wﬂi be wntten : S
Cm=wl ey
KL ‘—_"' QLuz R S o (37)'._:.- :

: g is the umtless Ldnde faetor Note tha.t the sxgn of the magnetm moment 1s carned 1mpilcitly i g or

alternatweiy uy. For examg)ie, e —2 for the electron,; g ~ 2(2.79) for the proton, and g & 2(—1.91) for, L

" the neutron. The units are carried in pg, which is the Bohr magneton (pp) for the electron and the nucIear' G

' magneton (p,N) for nucie; The ddferent angular momenta will be mdentlﬁed as:
g g 5’ is the stim of the spms of ea/ch eIectron in the atom, =

. E is the sum of the orbltal a,nguia,r momenta of each electron ;n the atom
- LE J ( 4 + § ) is the total electromc angula,r momentum of the atom,
.. o Tis the spm of the nucleus, ' o ._ | .. SR
'. . . F ( I + J ) ig the total mtemal anguiar momentum of the a.tom

g Operators and matnces wxli be denoted by hats M. Ha,maltomans w1il be ’H energaes ‘will be B, frequenc1e3
Cowill be v (w1th umts of Hz), a.nd angula,r frequenmes w {w1th umts of rad Hz}

° .2 2 Hamxltoman of a Smgle Free Atom w1thout Nuclear Spm

B 'I‘he basu: structure of the a,tonnc hamﬂtoman is summa,rized below, more detalls can be found in Woodgate

'1. The. eleetrostatm mteraetlon thhm the atom can be expressed as & centra,l force end a non—centrai
force S '

The central force s a Coulomb 1nteract10n between the electrons and an effective nuelear charge .
The non- central foroe is the res1dua.1 electrostatic repulsmn among the electrons.

For most atorns, the non—central force dommates over the spm—orbxt coupling.

oA w

Due to the dominarice of the non-central forces, the orbital angular momenta of the electrons are _
correlated. o '



6 _Because of Ferml Dlrac eta,tlstu:s, the total electromc spm and the total electromc orbitai anguiar_ L
. momentum is0 for ciosed shelis T :

- 7.‘_'Because of sphenca} symmetry, the non- centrai force is mdependant of orbital angular momentum
.- for closed shells. Therefore, the nonueentra,i foree is 1mportant only for mteractlons between valence :
"'eleetrons : : :

i 8_._'-:In thls lumt the spm—orbit couphng occurs between the total va,lence eiectrome spm a,nd the total '
o -_valence eiectromc orbltai a,ngula,r mornentum : :

9, _Fmd,liy, ali hlgher order mteraetmns such a8 those 1nv01v1ng quadrepoie moments, will be 1gn0red

Con31der ’Ho w;th ’Hes, electrostatlc Lnteraetion and ’Hw, spm—orblt coupimg

Under the condmons described before, the form of 'Hw is. _ R S
' L L (L+§)2—-L2+2L S"+S’2 I R G - T
H,-,o-_-_zii_A,aL’ S’ BRI S R C 1)

From the second form of H,,o above, it should be cledr that the natural e1genbas1s is the LS—couphng (Russeil~ _
" Saunders). scheme {EJ m.;)} Each | group of degenerate elgnenstates is Ia.beled by a Russell- Sa.unders term-' '
.-_'_oftheform - L AR '

B 'where 78 the pnnmpel quantum numb er whlch labeis the conﬁguratlon Usua.liy 7 refers to the conﬁgura,tlon '
that contd,ms the valence electrons. L 1abeis the vaience orbital in the followmg way, L

'-L 0—>L S
".LmlﬁL P
cL-—Z—}L D andsoon .

All ciosed sheiks have e

o : _ : Leheu —gaheli =0 . '. S . _. ' (43) a
' -Therefore, for an alkah metai a,tom f L and § all refer to the smgle valence eiectron In the ground state,

Lo 'Jim-— and the RS term is n2.5’1 The ﬁrst two excited states have J = 1 a.nd J =3 azld are labeled nsz.

“and n2P% Spm orbit couphng breaks the’ degeneracy of these n2P states and resuits in fine stmcture Fme-"
stiticture also refers to relativistic and other ¢orrections. However, except for Hydrogen these corrections are

' - much smialler than the spm—orblt coupling.- Regardless, these corréctions only shiff the' energies collectively,

: mdependant of my and they do not mix the eigenstates. The transitions from the ground state to the first
- two exmted states n2S 1 nzP; and nzS; —¥ n2P1 are calied the D1 and D2 transn:lons respectzveiy
: '2 3 Hamlltoman of a Smgle Atom w1th0ut Nuclear Spm in a Magnetlc Fleld
The Hamﬂtoman descnbmg the atom in a magnetic ﬁeld Bi is’ . '
.'H.=. ?fo““HL'B“US'B o _ (44)
Hes +Hoo — iz, - B—fis - B | (45)

To recap:

. The first term H,, contains all the terms that do not involve the eleciron spm



PR o The second term 13 the spm orblt mtera,ctmn

. The third and fourth terms are the Zeeman terms for the orbital and spm ang;ula,r momentum respecw' L
tweiy G : : . _ _ . :

v Bopiuh-nes S
' __H-."—‘_'-._H'e;'-l-"’:"iao" ﬁL'B'?ﬁs_-ﬁ T R ) S (46)5_'_
_'="--';'Hes Aw

o m_.__._?fea'l‘ 8o (Jg L2—S2) gL‘uB( )B QS#BSB _ (43) e

”'2__'53’2) QL#BLB gsuBSB (47)

'”f%“%+0%%”+?)%MW)wr'] ' ;rV @y{ ;

7{’* sz (QS QL)#BBS’ | o (50)

gL= { 0' £>g} (52} i

.ﬁ T he hamﬂtoman is separated into three terms mtentxonally States w1th1n a n25+1L term w1th the same

. ':_ : ‘my but dlfferent J. are mixed by the Zeeman interaction,. This means that the first two terms are diagonai -
DS mmultaneously in the {IJ m_;)} basu, and the elgenbasw of H Therefore, onIy H’ has to be dxag;onahzed i

R :'2 4 1 Energles .:' _' - :'

Le’cs specaahze to the case S 1, smce an alkah meta,l atom is bemg con31dered J can be L :!: ; '_ o

.~ Therefore in the {|J, my)} basxs, the S, term is block dlagona,i with subblocks no greater than 2. by 2in - R
- size. 'The 2 by 2 subblocks are made of the states. with dlﬂ'erent J and’ same m.. For'the specml cageof

. :'m,; = *dpmas = £ (L + ) there are nio other states to mix. with, Thus, they resxie in subblocks of size 1

. by 1. This i ig true for the my = £ states of the ground state term n2S’% and the mjy = :i:3 states of the _

~excited state term nzPa On the other hand the my = £1 statés. of the terms n2P1 ) rhix and therefore _ : o

: '-.'.'need to be dlagonahzed To’ d1ag0na1:ze ’H we oniy have to dxagona,hze each subeock of ’H’
| o . e A80

'_ﬂ' -_Ifﬂ'. S (g5 Q'L).UBBSz L ey

?—Z’-——ﬁéﬁﬂ[ (L+ )O(L+ 3) (__L__)O.(L+ )] ..

wml ]

opein) W

S

Sz

s (e
" The ﬁrst term can be sunpiiﬁed to gzve : SR S _ S L _ _
Wleenenl ) e

a4 & By in the second term are most e.as.ily calculated in the {|L,my)|S,ms)} basis: |
|Lymp)|S,ms) = |mg,ms) o (58)
Mima) = 3 bnz,ms) (me,msl,m.) (59

petm) e



L Usmg known formulas féxf 'Ci'e.bsch#Gordbh co’efﬁciéhts'(Cohén_—.'Tan.:_lb_ﬁdji'?):; S

_di'“.=_'”<L=f=;mJ 3 Ld:z,mg>-'

l'

g S .
oy (mJ—m&msIS imJ—ms,ms)

A mS;m' W“’"l

X (J mJlmJ —ms,ms) (mJ —ms,mle m_;) :
=3 m,g_;-[(mj—;ms,msl.f,m;;)l ,J:L:i:§ _

- ms__l .

_ L+ imJ—L—mimJ
B 2 2L+1 '

L m
s i(2L—i—1) i(“

Forﬁ:;: .
By = (L:F sy S Lt= m_;> B

L.
s

Z (mJ—ms,msiS ImJ—ms,ms)
.'L . . . :

1l

'ms.‘m’s——

X <‘L$§,m:[mJ—.m’s',_m’s> <mJ—ms;_m_s_FL_i §,mJ>'_ o

c Bl Sy S TR R
. . X <mJ *mS:mS!Li "2'$m.!> : _
R '::1'( \/(L+ q:mJ) (Z+3 :i:mar)) E

2 2L+1.

. 1(+\/(L+%:&mu’) (L_{—%:ij)) B
TR —

2L+ 1

.. . (L_+%)2—'m3 S
Ty T2L+1 ==
To solve for the energies, we oniyz to diagbnaiize the last term in #'t

i A, E 1 Lo
o= A (eeg) (e 2))

) (60) !
o

- (6 5

iea}__ o

(_'6'4:) |

_('65)".':_' B

e

- .'(68)'_



 ~(es—gr)upB|

et o)

. '3&(95-4&5)#3'3 -5 |
(L+1)%I+IA (L+ ) o

el 2)

Ao
2.

Ao
2 .

Th1s iS done by soivmg the secuiar equat;mn

0
o
0
A

)t |
: 'A.a'a"
: _2_.

0
(L+

gs)

| "'-.-'1+2ay Ao =2py

a _-—ﬁ]

1 _"_""A“ C AN 1420y ":-'—2;9@:
'z‘) .“‘?_2._(['_*_‘_2‘) [ 2y .—(1+2ay)
#BB A '

Aws (Lt 3 )

det (M . m) |

=28y —(l+2ay+)\)

o (1 i my A (1 + 2y +N) — (2f3y)

X - + 2ay) (zﬁy)

:i:\/(l + 2ay) + (Q,By)
:f:\/1+4ay+4(042 +ﬂ2)

Usmg the’ va,lues 65 a.nd 70 the foiiowmg useful rela,tlons are derived:

= '___::.We:gétﬁthej_eig:envaiﬁes:' R

.. The It'o'tgxl en'er:gy.is thetefore:

5L

4o + 452 =

2

Aa

Aio

B =

+(L+1)? —m3
(et 1?
(Z+3)
2 (L+4)’
s

v .1.+'~. 4&;@,{ y_z) .

: %_(X

171

{find the spm—orblt (fine structure) splitting between the two terms is:

Ap(2L 4 1)

- AE =
2

= hua,,

10

g (L(L + 1)+ 3 ("2- + 1)) ""gL‘LLBmJB - E."

(§+2) + 5 (L+2 X

The £A elgenvalue is used for states evolving from the J = L & 5 term. In the zero field case,

@)

(72)

' _("77)_' )

(78)

O
e
(81)

(8

@)
(8_4:)_:" ﬁ_
®)

e

(89)

B =0, we

(89)



S :Reiabelmg the' energles w1thout spmworblt Louphng and w1thout ﬁeld as EL and reIatmg Aw to the zero .- o
: '-'ﬁeld spm—orblt sphttmg huw, we get . -

o L 50 50 3.0 . _
E E W(ZL-{-I) ngBmJBi \/1+2L+ y-i—y | - . (90) _

v = (grgs)hf L R (91)7”

[ .When L 0, gL = = and the posttive root of the square root i take. Note that y isa umtless qua.ntlty that G

_ S gives a reiative measure of the Zecman interaction wrt the spm—orbﬂ: mtera,ctlon For y A 1 B 51{)T the
L Zeema.n interaction is comparable to the sp1n—orb1t 1nteract10n‘ '

_ We li discuss three speaa,l cases now (smii with S 1} HL O then the energles for the n25'1 term o
: '.'-L'___m'{)—;J S—)mJ-_mg—:i:% g L _.(92).._._
vim S ey
b v
9 "'21. _ R

hu“

o)

. SR : -.Eng—‘#BB E .‘JSNBBmJ : : '(97). -
If L > 0 then the energles of the mJ = :i:(L + 2) stafces in the J = L+ 1 term are: | | B

co i(5+%) : 'EL: ﬂ%iua (L«i»l) ” |
m E&" %5(2211) (L+ )B+%‘39~\/1:;:2y+y‘2 - : (99)

o L_ 86 L 50 _ .
= B 2———~—(2L+I)ius(»ﬂ+ ) +easy) g

—_ L :

""(1+ )“BB AERREEEP (101)

= _Eﬂ+(2LH)hu,o:kuBB(L+§i 5 ) R )

" L . : . ) :
i =B (2L+1) oo % (L )uBB R (103)
At Iow ﬁeld (B << 510T for Rubidlum), to first order in B, the energies for the J = L+ 3 terms are

hig (0 2my
—'yLuBm;B_i < (1+- dici y) SR (104)

hyw
2(2L +1), ;
A AR N, (. ,o=gs o |
o EO "i"tho( 2(21;“&*1):‘:2 + gL £ .gBI.i‘m_; (105)

. L lxly . _ .
E(j)g + (%’2&) hgo + (_QL & u) ﬂBBmJ - : ) (106) :

B o~ Eg"'

-

2L+1

1



o :':2 4 2 Eigenstates

; '_.'_"As noted before, the B—ﬁeld mixes states w1th the same L the same mJ, but dlﬁ'erent J Therefore, we
represent {[mJ)} in the {[J m,;)} ba,318 s Lo : : : :

L+ 2,m,;> +a2

ImJ)—al r_,“,m)‘._ | (1_'07)"

R The values for al 5 come from the dlagonahzatmn of eqn 74 where A:{: are the elgenvalu% glven by eqn 86 L

e and a and 5 are deﬁned by eqns 65 and 70

S

gy =

. \/(1+2ay:7:)\) +48%7 o o
2 T e SRR

\/(1+2ay:l:/\) +4;32 EEE L :

a{cr—* 2 o '(112)5_ o

' .-'_’I‘he * mgn is taken for states evoivmg from the J = L :!: L term. Note that eqn (112) is a consequence of

R orthogonality.’ Even though J is not a ngourously good qua.ntum number like my, at low fields it is still

" very good. This- can be seen ‘be expa,ndmg a2 for low ﬁeld (to ﬁrst order in y) The low field expansmns'

; 2 '_'are performed using the followmg useful relatlons

1+ = 1+2x—8:c +E_w ~—1—2§:c -i—(’?( ) I .(11.‘.3.)
Lo I—E:L'-I—Sz?—iw —i—£m4+0(z5) o ()

o ey o @N L ad  aby
. 1~§~ax+b:t: +(_2)w_+(2___g-)“’ +_(16 4);

G opaa2p o p2 o EC4N L T R

C B

2.

R R Csay - [3a2 b\, [3ab 5a®\
C Vitaez+be® 1-(5):1:4—(—?—5)3: +(T——_16.) -
U U r3ngt 382 150% O
(128+3—  — ) +O(m) R Fllﬁ}_

TR _':Fu'st we’ii expd,nd the e1genva1ue to fourth order in ﬁeld (y)

._ v 1+2ay+ (;—201 )y2+(4a3 é'd)y3
*(3‘1.—%—.10")11%0@5): ey
~ 1+ 2ay+’252 2 432ay +(3a —~8-—10a )y4+0(y5} (119)

Now let’s consmier the denommdtor of az 2 = %ﬂ-‘f:

(1 +2ay F N +48%° : : _ (120)
1+ 4% + X% + 4ay F2AT 4ay). + 4;32 z (121} -

4

i

12



: ' squa,re root. 7—

'_ 1+4a +1+4ay+y +4ay:§:2)\=}:4ay)\+4,32 2 SRR ¢b )
2+8ay+2y ;2,\;4@)\ R : . (123)
-_2+8ay~l~2y :{:2(I+2ay),\ S R C(124)
=~ 2+ 8ay + 2¢° 2152(I+2ay) TR ' : R
(1+2ay+2}32 2 4ﬁ2ay +(3a wgwl(}a) ) %) o

.2 + Say + Qy F 2 (2ay + 4a2y2 + 4aﬂ2 ¥ 820’ )

T

|z_.-_"._

R

:'_2-1-80:y+2y :F2(1+4ay+(4a +2ﬁ2) y)

-2+8ay+2y ¢(2+8ay+(2 4ﬁ2) )

LR

'-___2+8ay+2y —2 Sa;y (2 4;92) _
-2 (3a ~%—10a ;32 2) o ey

R

- 10a' - g% ) o

4ﬁ2y2 - 2 (3 S

4ty 2 (3@2_

e

o mir—f-'-ooaH

R

3 4ﬁ2 2o (=~ 6ﬁ2+20ﬁ4+24a2ﬁ2) R (133)
4y Z(H% 562 ~ 6oy ) o s
:4}93 2(1+6 2+6ﬁ2 2 5ﬁ2 2—6a2y2) ;: ; (135)
_-2+8ay+2y +2+8ay+(2 4,92) R NP

R

Ly I_Z.

-
S
4

- E_Z

Note that a fourth order expans:on of A was needed for d.,., but not for d_. Now Iet % expand the mverse

()t o _-,-('139-);,--
L B2 .y IR !
%(lf?) | B (140)
d- (4+1ﬁay+4(1—ﬂ2)'y2)"% - | (141)
1 (142).

%(1+4ay+(1—ﬁ2)y2)_§ . _
; (i— (420‘) y+ (3'186a2 - 1"2192) :fﬁ)_ S (143)
13

| +ss. el
Bi= :
1 .' tz

12

12

12

"_.:F2(1+2ay+2ﬁ2 2 4;92ay +(3a -%—10&1) ) R ¢ B
F2 (Sa —g—lﬂa —Sﬁ ) N Qa2

. =F2 (3a —g—l 8,6"’ 2) . _. ; _ (128)

ﬂg 2 :.' (3(1 —1—1—10)34.{.12052[32) ) -. .. ._ .. _ . o .. (132)



R

i

Note that all of the square roots take the posmzve root Now leﬁ 's coﬁsxder thé numerators ' 8 : " | SR

_EE.'.ii ._'-z

'I2'_-:

Cnf

"

P,

 |2

o Fmally _I_ét_’s ca.li.lléﬁé'th'é'the mlxmg coeﬂ'ements

+

\/tﬂ \/(1+2ay ,\) +432 R e
f@ﬂy) ( ' %29"’) : SER (1_5'5_) -

_12'_'-’- =

._ 12.5:. .

s \/(E \/(1+2ay )\) .|_4)32 D S TEh
'_( 2ﬁ2y2+4ﬁ2ay ) 2; (1 —%‘y ) RERE 1)

I

|z

=200 (15 ) Tho

-—ﬁy+2aﬁy R o (160) .

1.

- \/5: \/(1+2ay+)«) +4ﬂ2 RS R
_(2ﬁy) (1 2Qy+ (hw—ﬁ?) ) - R .- ('1".?‘2:)" |
By 2aﬁ:y '  _' SRR bR -:__.(_163):"

Cag=t ”; Lo lim o ey
V- \/1+2ay+/\) +4,32 S ol

.(2+4ay+2 2 2) . (1 zay+ (1 —'_52) ) - . (165) .
A S

11 ' .
1—2ay+ (1 - ——2—ﬁ2) y? + 2ay - 40%y? + B3 (167)

o

- _;é_-

TR T PR

A

1+(1-—}§,82..—4a2+ﬂ2)y2 -_ SR o (1_68) o

14

-;—(1 wzay+(6cx2—-;—+%2—) yz) .. __ - (144)

1+2a9¥(1+2ay+2ﬁ2 2—4ﬁ2ay) TR ) B
1+2ay—1-2ay - 2ﬁ2y2+4ﬁ2ay o sy
eyt s
1+2ay+1+2ay+2ﬁ2 2 GlTnE N ¢ ) R
"_2+4ay+262 P A S SRR S § 1<) R

Ny 2y B L _:-'(1.6.1)" .



e

1+ (1;«__-;--_?.82 +48% =1 +;92-) ¥

LR

gL —

._“ N

lmJ )

':Addmg nuclear spln I to the system mtroduces the hyperﬁne 1nteraci;10n : '. : o

™

'tha “__" Ahfs J". :

hyso

iLﬂ: z’m"> :Fﬁy]Lq:_ ,m,;)

2 5 Hamﬁtoman of a Smgle Free Atom w1th Nuclear Spm

- : (169')5 8

Cam

Coam

EE ::Ah‘fg hides all the factors that don’t depend on the spms I J-couplmg causes states w1th dlﬂ'erent 'm; to_ o

mix. Sznce mpg (=mp+ mJ) is- conserved the {]F mF)} sta.tes form a natural mgenba&s Thls is: more A

: easﬂy seen wlth a httie azlthmetlc
' | (I+j)2-—I2+2I J+J2
?ihfs =73 Ahh (F2 12 : )

o
~am) :

e ':The hy perﬁne mteractlon sphts the 2Sl1 2P1. and 2P 3 terms into’ 2 2 and £ mamfolds which are iabeled:' I
by F. This is called the hyperﬁne structur& T\’ote that many calculatmns to follow w1ll be 1dent1ca1 to those_-

L " done for the finie structure mmng The followmg table depicts the a.na,Iogy
g : Spm~0rbzt o Hyperﬁne
inixes states with different J | mixes states with different F
o ‘mixes staﬁes with same m_; ; muces states with same mp -

. s Aao RTINS B Ahfﬂ S
: u” ~ 107MHz . Vhfg = 103MHz :
B y 1—+B~107gauss R :BNI—}BNIO3gauss .

o 3'.::;- -:1-:_'.2 6 Ham:ltoman of a Smgle Atom w11;h Nuclear Spln in a Magnetlc Fleld

B 'The Hamﬂtomaﬂ descnbmg the a,tom in a ma,gnetic ﬁeld B 15
H= ’Ho +%hfs i B ﬁJ B

P Tb 'réc':a,p"'

e The ﬁrst term Ho contams alI the terms that do not involve the nuclea,r spin.

. The second term 1s the hyperﬁne mtera.ction

| '('1%6) . -

. The third and fourth terms are the Zeeman terms for the nuclear spin and the total eiectronlc angular

momentum respectwely

15



; Usmg B Bz & Fz = I - J and some rearrangement resuits m, =

L '”-*ﬂﬂf{j~‘ o
'+( ;f Fz"'"(g"”” g""B)BJZ) (177);

- ;-"jThe hamﬂtoman is separated mto thrée terms mtentmna,lly ‘States within'a 'n""S+ 1Ly term wrth the sa,me...' i
L e but on dlﬁ'erent ma.mfolds F are m1xed by the Zeeman interaction. ThlS means that the ﬁrsf; two terms' s SR .
. are diagonal mmuitaneousiy in the {iF ™ F)} bams and the ergenbasxs of ’H. Therefore, the last term hasto - 7

kA -':’be diagonahzed

2 7 : Derlvatlon of the Brelt-Rabl Equatlon

: -'-.."The Brezt-Rabz equatmn ﬁrst derwed in 193x give ref., gwes the energles of the ground state hyperﬁne e .

i _."sphttmg of single’ vaienee electron atoms and ions in the preseénce of a magnetic field. Let's specialize to this

'; “F and'same my. ‘For the special case of mp = £F.. = % (I +1), there are no other statés to mix with.
""'3""0”-"’ Sl S S .
CH = F +(gmN QSIJ«B)BJ R T _(178)-_ :

_:. ’}2’ T 1-A;f.a [ ( .)0(I+ ) (I_ __)g}(}'v+ Y ]

..: +(91#N gsus)B [ B: : o ] N | S .:. " | (179)

IE .

: ...a:‘:

Jz

o --The ﬁrst term can be snnphﬁed to nge -

2 .-_2

' Cicase L=0,8= - 5.d = 3+ F can be I'+'}. Therefore in the {|F,mp)} basis, the J, term is block diagonal * -~ o
L with! subbiocks no greater than 2 by 2 i it size.’ -The 2 by 2 subblocks are made of the states with different . -

- Thus; they res;de in subbloeks of s1ze 1 by I To dtagona,llze H, we only have to dlagonahze each subblock-_ :f SR

b :";1': a’:{: & Bd: in the second term are most easﬂy ca,lcula,ted in the {[I m;) iJ m,,r)} basna - o _ L
' : [I m;)umJ) = |m;,mJ) e (1ey)
IF mF) Zlmr,m.]) (mf,mJlF mF) : o . S (184) '.

o B 'Usmg the furmuias for Clebsch-Gordon ooeﬂiments from before 60

-'_<mj.~"~}= = !I+2,mp> = e

1 - B
o <mr:7=2 el 2,mp> = (185)
: .-.”whi'ch gives: . R _ o o _ :
ERE T S |
remEE = *(‘é*m)- SN .

' Tt . AR R
-8 = —( L) mF). AR (187)

2I +1

16



s ';"To solve for the energlee, we only need to dlagonahze the iast term m ‘H' |

2B .

T _ Anja s | Ange 1+ 2az —_-ézﬂ'e- :.'5' e e
'ﬂfﬂ}iya;@fi)*32_0+ )[‘%@:‘@+m@}~_'_*§§97

E = (QI#N qus)m | (139) -

) -:This is easrly done and Just hke fine structure mrxrng, grv% {:he elgenvalues

i -The total energy 18 therefore

E Eo _i;_f_’( (I+ 1) + 1 (; ¥ 1)) 5 QIMNmFB+ E' . - (191) i

E.f A;fﬂ‘ (I—t—-2—) i gf (I-i— 2)./\ o : o : S (192)-; O

;_ In thlS case, Ee is the energy of the (possfely mrxed) spxn~orb1t coupied sta.tes The X eagenva,iue is used -
DR for states evolvmg from the F I :i: mamfold In the zero ﬁeld case, B 0 “we ﬁnd the hyperfine sphttmg" o
S -'--between the two ma,mfolds isi .
L : _ SRR Ahf,,(21+ 1)

e : '-Droppmg Eo and reiatmg Ah f, to the zero ﬁeld hyperﬁne sphttmg huh fa, we get the ceiebrated Bre1t-Rab1
B '_'equation : _ _ L LT

- 4& h e 1:--_ .: _}_ | }ff'.’ (193)r

S -fhaa}&.- | thfﬂ\/ i a“:.fib’. HEEAS:
B e I B 1 2 (1e4
o ~.2@I+1) m“” mp & =5 *2I+1”+3 R, _(_ )

] 1'.

T 1’ (QIMN QSHB) (19‘5)'. :

S h"hf
o _Note that risa umtless quantrty that gwes 4 relatlve measure of the Zeema,n mteractzon wet the hyperﬁne '
L mterax:tron For '~ 1, B = 0.2T the Zeeman mteractron is comparable to the hyperfine mteractxon
. ~We'll dlSU.lSS two specra,i cases riow. 'I‘he energles of the mF = :l:(I + 1) states in the F= I +3 mamfold E

S are.:.__-_ ; ) : .

| _ﬁ*f”;~;jgﬂf+;¢l ;~'52m' 1-1'w.3 '_.'VJ
RIURRES Ei;_'; =% (,W__u) hu};fa_—_ o (I+ 3T 5) QI#N#%He) B o
.'-?(V(?H—_l))(9"‘“’.‘9?‘_‘_’?‘) Gwnge o W0

e _'-2 8 'I‘he EPR Spectrum =
2.8. 1 Frequem:les '

_ . 'EPR stands for Electron Paramagnetic Resonace. Tt refers to the tra.nsmons between adja,cent states wrthm
. a partrcular mamfold The frequency correspondmg 1o these transitions w1thm the F I :J:: manifold are: .

_ Ve_m¥w+%(\/l+ e z+z2—\/l+ﬂmx+x2) g (198)

R 2 2T +1 2T +1

17

o Ei(!+l) (2I+1)huhfs=F(yr#NI+wa)B (195)._.._..

S At low ﬁeld (B << 0 2T for Rubldzum) to second order in B, the energies for the the F=I i mamfolds S



o -. We Eabei the transrtrons w1th the hlgher mF of the two states (mp H mp 1) In the low ﬁeld Irm;t o
o "second order in B thzs ‘oecomes : : : . : L .

Vd_::. _h :Fm ((I+2=|_=2)9:;JN:I: .2'(1,3) 7

L S am
“-((21 1))(‘”"‘” ) gy 9

The dlfferenee in frequen(:ies between two a,dja;cent tran51t10ns is just a constant (to second order in B) for"'_._" o L

. both manifolds: s
L _82 c

o m“’”‘” s gy

e’d erwatwe of the frequency wrth respect te the ﬁeld is: o
dV___ QINN (QI,UN QSNB) . 2I+1 +$ . TEI-: +$ N Sl
A 4 perrd BECO)

il \/1+£fi—:c+x2' \/1+—(’2~’}}”{—l:n+:c2 _
To ﬁrst order in ﬁeId the derwatwe is: e '
..d_B __ '"':2”1 ((“ ¥ )gf“Ni ‘“B)_ R

+_— T : ' : “ (202
(21+1)2(9mn gs.us) h;,uf Ry (202)

o See ﬁg 4 for a quahtatlve energy 1eve1 diagram for SBRubﬁdzum

By applymg 4, weak transverse ﬁeld B,. + at the appropriate frequency, the vanous EPR tra,nmtrons cen -
be excited. ‘The hneshape of each transition is 1dea11y a Lorentzian: The width is lnversely proportronal ta :

. the lifetimes of the initial and final states. Magnetlc ﬁeld mhomogemtles and RE power can broaden the

: ime However, the ared, urider the peak is & very robust quantlty because it is conserved and therefore ‘does

B - not’ depend on the details of the_tmeshape It is proportional to the net tra,nsrtron probabrhty rate whlch is B

L gwen by Ferml § GeIden Rule

: “’ "k <me§*§1“’ "”%—'“‘5*5>-e@. o
it ok L EROE PSSR AN S BT | (204)

o where W is the operator 1nduc1ng the tran51t10n and Pi (E) is the densrty of avadlable states asa functlon of . o

S 'the tra,ns1t10n energy. Because of the prmexpie of detailed balancmg, the a,baorption rate is identical {o the -
g tlmuiated ennssren ra,te (w.,; = w._) for a gwen transrtaon Therefore, the net tranmtlen proba,brhty rate is,

Aw ,_( h l(mF _1[W[mp)l )(p+(E AN (E)) : -. | (205) . :

o '-_zwhere pi (E) is densrty of the sta,tes that are absorbmg (emlttmg) F1rst we WlH derwe the the matr:x_ '
'-:element in 6w and then we wrll dlSCUSS the relatwe popuiatlens pe{EY: S

T 2 8 2 ’I‘rans1tron Matnx Element

'_We cai treat the RF field B,, ;as a time dependant pertubratlon to our ongmai ha,mﬂtoman

MHepr = H+W . (206) -
W = "lﬁ‘grfwli}'grf : (207)-

18
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We’ll choose the rf ﬁeid to be in the & dxrectmn After expressmg the angula.r momentum operators as-. '
ladder eperators (J,,; =1 (J+ + J..)) and treatmg only the case of stlmulated em15310n (mF —> mp - 1} _
the matmc eiement of mterest becomes SRR v T = - s

T

followmg is ana,logous to ﬁne structure mmng) Thls matrix eloment is most easﬁy evaluated in the e

. .:.(The'

. considering the ground state term of an a.lkah metal atom, ‘there is no fine structure mixing. - However the- .
'ﬁeld B does resuit in hyperﬁne structure mxxmg (states w1th the’ same mF but dn‘ferent F) I

g; s

a‘l

[mF I+2,mF>+a2 T 2,mF> S o (213)
I |F,mF)ﬂ Z [mF mJ,mJ) (mp~—mJ,mJ[Fmp) o (g

. bf:(mp) -._= . <mF e §,+ II:L‘

1
. 2’
e 1 1
<m;r-|— |I:t
. 2™
RS |
g — b”—t
s 2’+2>+

s The values for 31 o come from the dlagonallzatzon of eqn 188 where /\i are the elgenvaiues glven by eqn 190 |
and o and ﬁ are deﬁned by eqns 186 and 187 : o S -

o fredm) = ot

2_2

Sy -\/(1'+2aa¢_:;:g)2_+_¢;}32¢_2- o B
\/(1+2am4:/\) +452$2'_ g IR .' 5
e = Eel o (220)_

' The i sxgn 13 ta,ken for trans1t10ns w1th1n the F I i: mamfoid For SImphmty (due to Grthogonahty)

"_a1 é‘a;f:'az U R g
@ = af==er ey
o= b =by o o (223)

by b= b o : . (224)

DR R N : _
,I:bi,.m}?>_—.—— by mF:F*é“,ﬂ:"é>:h._.bz mp;t§,¥§> . (_225)_

[
I+ §,TRF> + 45

HE- HL

]m§ = a1

I=F§,mF>'_- o {229

20

: _“’ (mF - llwrF_* + (w.r = wf) Jm [mr) - | ' : (2[)9) _ N .'

B 'j- el M
ety e

w : ;:....:;QSHBBRF:':. : | ._ :_: : [ T (212) G

* {|mr,mj)} basis. However, we must first represent {|m$)} in the {EF m)} basis.: Note that since we are -



Puttmg thls altogether gwes

| ImF)

":t-Jff¥'

o "Z-i.f__"_:i:az (b]_

& ._ F—: [ﬂl (ﬁF)

_(a1fb1f—€_i2sz_f_)< F—E,-I-?l (alfbgf_+a2fblf)._
Tl
la1 7oy + anpbis]
R 1
Aa1pbiy — a25bay) <mF 5

(o5 22_"*-"22[‘("".*”2"“‘2"”*‘1}

._:'ai(mp 1)<I:i:; =1

Ij: ,mp> &E'ag

- (bl

1\
-y Ebh
mF:Fz 2> ba

2

mﬁ? i

(albl - azbz) 2

(mF““‘llF—fmF) .
' 9'1 (mF-—i) <I:E 1,m1:' .—-.1

I:i: ,mF>ia2

: f:l:ak (mF)

fialfalz + f:gazfﬂ,zt e

> ® (ﬂlbz + azbi)

Ii ) mF 1> if:,:ag (mF)

. f:l:al (mF]a1 (TnF = 1) + f:paz

)
mpi ,¥2>¢&%mF¢ A >)l1f' _
mF:t >

2 2

£ e = 1) <I$;—,mp_ 1}

ot

i 1

:&ag(mF—l) <I:[:é

I:;:1

(mF) a2 (mp — 1)

B :_ Now let ’s calcuiate the mdtnx eIement of J____ L .- o

_.(alfblf = 02:‘52:*) <mF -1 T3

(mF ILLJmF)

"._">.<.'<’-’?'F'—-1-#5’?5““’-[(“1"”1*'%'“2%1’21-) R

N
5 §> * (aubzi +a

13

22+22

3 13

21

1

.1 .1_. :
[(alcbh _ a2ab21)

SRR R PR
] (aifb?f+“2fblf) -

010 "’F#%’Fa*).;;

{ahbl‘l - 021521] '

A :
l (Cllfb'zf “+ a2fblf}

e — &
FT

1\

2

o)

_]; (251}  S
(ééz)a":'  '

)

:':(236): '
@

i'(23$)__9'”

‘(239

(240)



: e [a'2fb2f Malfbif] [aizbﬂz +a21b1;}. -
}315f7;;¢( )U+»)wmpmm~1) A
bi’flz“‘ 2_[+1 B QI-I-I
S bb - i/('ll”r %) (I 1) = my (mF = 1) A
FIRIE \/(I+ )(._—)+mF(mF—1)+2mF(I+ ) ___g__

Il- f.

\/(I+ g«)'(m )+mF(me1)w2mF(I+ ) g

o Bema G{E) 0 e
<J..> LE [aifba'f-!-az_fb;f} x [aiabu waaebfzi]_"

+ agfal,

'T'-.“”“f‘zn 1

2I+1

Gnd=
2I+1 “‘21+1'*---

! <j..>~ '=.' [asz2f"”“a1jb1f] {aubz;—f-az;bh] - .

alfam

f i
“2"““2I+1 _” “‘2I+1

aif 21.

2I+ 1

' .. +a2fa2= 2If+ i

+ 2f al@

<J‘“>‘ _”‘“‘f““ﬂﬂ 2I+1

Iy
alfa2321-+1 :F 2f 2«.21_'_1-
i : -Puttmg thxs a.ltoghether, e 2 :
W= wa (f:}:alfalf'f’fq:azfam)‘f' (wJ—wI)

o fe e g e
(ialfalsﬂ_I_l +a2fala2f+1 aIf 2«21+1 :F 2f 2;21+1

R (21’&);-}- (1 q:l)w; +wy

2 oI +1 )f*“lf‘“”Lz of +1

Wy —

CiEs )(gq:ai.’fah gr01702)

' h
Xf:::azfa:h +3

22

h (21&11“{“ (1:‘!: 1)w1:FwJ) .

Coew
e

oy
':__(é45)_
Cem
-

..(2.51.) o

o)
(253)

(254)

(255)



Usmg the smaliﬁeld 3.abpre$cirfieti.0n's f_rbni_ :before: _
2

e We re mteresteci in the 1iod & square of the matnx eIement to ﬁrst order inz:

KR 2wa+ 1)w1:I:wJ fé K 2Iw;+(1q:1)w;in
21‘+1 ST 2I+1

IWfil i ....4 | .

2I+1

:2 8 3 Spm 'I‘emprature Dlstrlbui;mn

' '.""-:_--'.-and spin temperature The dens1ty operator is often’ ised to represent & large ensemble of systems ina
SR ;.:statlstica,l mixture of pure quantum states. To be explicit; given a statistical probe,blhty Pr ef bemg in the Sl
R ;)ure quantum eta.te W’k >y ‘the densﬂ:y opera.tor in the ba313 {[un >} sy o . -

: :.-._"ﬁ:f"= Zpkh[’k >< "!’k!

IE"

ZP’“Z < ?/)kium >< un[‘i/)k > iun >< um[ .' _. . (259): S

nm

B :"_.'-'I‘he dxa.gonaj elements have ‘a s1mple and straightforward physma.l mterpretatmn they are the comblned_ :
A statlstlea,l a.nd quantum mechamchai probablhtles of bemg ina ba31s State [un > o A

' : a1 : .1' = ___g;" i o : : (256} ;:

x (“"J ) f_J.: (gvﬁf yiﬁ:):ﬂ—l—@(aﬁ) o '; : j. X :.: ; ._..(?5'8)' N

- To chscuss the relatlve popuiatmn of each state, we: must mtroduce two concepts the den51ty operator B .

e pm-—Zka <unl¢k >E | (260)-_'-_. o

i - which means that Tr( p) = 1 as one would expect In quantum statzstlcal mechamcs for a canomcal ensemble
A (ﬁxed nurnber of particim i equihbrium thh a hea.t reservoir-at a common temperature T) the d1ag;0na1-
: elements of the densﬂ:y operator are:: ' :

e = T
z=ze~ﬁE e T e (262)
- where Z is the pantzton quCtIGIl It has been’ shown that under the optu,al pumpmg/spm exchange con—"'

S _-:dztmns that ex1st w1th1n the target cells, the dlagonai eiernents 0{ the demsty operator for both mamfoids_-:

(263):

R R eﬁmF s eﬁm.! eﬁmr
EE R T TR 7S
Zp= Y M. L (268)

mp=—F

£ (264)_- |

' +J. : S : :
Zy= Y. fm o (266)
my=-—J . .
- +I . . .
Zy= Y ™ (267)
: my=—1 ' _ : Co
Cmp=mgdmg o (268)
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Spm temperature is best described by the orlgmai reference by Anderson et al

Dlrect substxtutmn 1nto these equatrons shows that 1n the steady state the solutlon is glven by R

Cas = a3az al

b

EoRA

agtay o

wles.
[

8
-
1

uff"|

= ¢ :_ 1.

- Thls soiution suggests the general form of the steady—state solution for aIl spm—exchange problems _ :
. It is the most probable way in. whlch two sets of particles can be arranged so that the number: - -~

Lo “of pamcles in each set is a constant and so that the total # component of angular momentiam. - S

~ " is & constant. ThlS implies that the denslty matrix-for a system of Na and N in spm—exchange_ '
o equilibrium s given by where § is such that the total Z componeit’ ‘of the angular momentum of <
" 'the system is given by Tr[(I s+ S'; P + I2 M + Sg " )p] The parameter ﬂ might ’oe called an anguiar :
o }:-'.momentum spm temperature, AT S S . .

i They were dlscussmg spm—exchange between sodzum and mtrogen but 1t is perfectably apphcable to other =

S 3-.';_: _-fspm—exchange systems meludmg ” pure“ 'and ”hybrzd” ceIIs Puttmg toghether all of these results, We get

L AmF . Aw ; IWM eﬁﬂw (1 Z_g) y o B (269).'

S To zeroth order in :c, notmg w,; >> w;, and gs o~ —2 0 the area under the curve for a partrcular transmon B

| g A(;fri_Fl) [F(F-i- 1)"mF(WEF—1)]B'6mF .: | (271): P

e where A 1s 8 eommon factor for all transmons Note that thisﬁ is the spln temperature and not beta—eqn o

3 ’I‘he Faraday Effect

b .3 1 Descrlptlon

The rotatxon of the plane of v1bration of hneariy polanzed hght ina med:um w1thm an appized magnetic field. *

' is called the Faraday. effect. It is caused by the circular birefringetice exhibited by the medium due to the
'apphed field. ‘Circular blrefrmgence is the property of havmg two different. indices of refraction for the two -

| . orthogonal states of circular polarization. Therefore, the speed at whmh the two states of mrcular polamzatlon o '

travel through the medium is’ different; This can be explamed quahtatively by imagining the photons :
“undergoing a senes of absorbtlons and subsequent reemissions by the atoms in the medium, The process’
“of absorptlon and reemnmission is: called a virtual trans1tlon It is analogous to ene—ioop dlagrams within

|, propagators in QFT Applymg Fermi's. Golden Rule again, ‘the rate of virtual transitions is proportlonal"'

U to’the probablhty of virtual transition and the populatlon of initial state.’ Differérices i in either the virtual <.
§ trans;tlon probabrhtxes or popuIatxons among the' posmble initial states of the atoms in the medmm will -

o e grve d1ﬁ'erent virtual transition rates.” The. Zeeman shift’ resulf,mg from a magnetlc field changes the virtual |

S 'transrtlon probabﬂltres A NON-2er0 poianzatzon reﬂects & drﬁ'erence in initial state popuiatlons The speed’

“ofa photon in'a medium is mvezsly proportional ‘to.the rate at which it undergoes virtual transtlons inthat

|- mediim. In effect, ﬁhe virtual transitions can be thought of as “slowing” down the photons, Differences in

speed of propagation result is a relative phase shift between the components of (urcuiarly poianzed light that
migke up the linearly polarxzed probe light. Therefore, polarized alkali meta,l vapor in a magnetic field will :
. rotate the pia.ne of vibration of a linearly polarized probe beam by an angle that is proportional to alkali
_ 'metal vapor density, aIkah metal vapor polamzatlon, and the magnitude of the applied magnetic field.
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e 3 2 General Formula for Rotatlon Angle

:. --;A Imearly polanzed probe beam can wnttenas SR o _
 laa gne mp«ga*w‘% ?

W t>~—|?>>e"‘“ “

ThlS .can be rewrltten in the c1reu1ar polanzatlon basxs o .' "

iw (z t» (:me'kmm "“_‘z)_j \};

S is not. Outs1de ‘the medlum k= kg = k¢ but msuie the medlum kn # kg At z =t =0, it has homzonta,i-' o
._hneaf polanzatmn and it is just entermg the blrefrmgent medium of Iength i After leavmg the medlum,

.+ Making the substitution

1 + z and t.‘ne exphmt dependance ef k on the mrcuIar polanzatlon is removed once aga.ln

b . 1(kz —wt) SR
] I (z t)) PN (iR) e‘lk‘RJ + I£> zk;,!) ____\7_5____ : o ...(274) E

 Pulling out @:’féié_t'dr'_of'é?(_’“efkb_e,,-_.:- Ch

) = eil(knke) i) [? Mtk ’R):;g o ;*lﬁ)}_: - )

i i a,nd usmg e“t' = COS(¢) + ”m(‘i’)’ we get

(272)_-_:-._7':"' i

4 ;:where the wavenumber ki exphmtiy dependant on the elrcular poia,nzamon, but the angular frequency W :" S

W)) = ee((k-;e+kc) +kz —wt) [co..s(gb. (l .-I-Eﬁ)) +S .(¢). (l’k) |. ))} | (277) : :

V2 va2i- /]

: '_In the lmear poianzetmn baS1s thls 1s su'npiy

W’) o e (kn+k;)i+kz wwt) [OOS(¢) |'p)+sm(¢) |s)} o : L (278). -. E

: .. Therefore qS is the Faraday rotation angIe and 1t is deﬁned by Eqn (276) Note that there 1s a reiefuve pha,se
e -shlft between the two components mreula.r pola,rxzation There is no rela,twe phase shlft between the two
i Components of lmear polarizatmn B ERE : SRR : o

3 _General Forumla for Atonne Polarizaballty

G The wavenumbers ki are wrltten usmg the hehmty sign conventmn (where raght c1reu1ar1y polamed light is

S : posﬂ:we) They a.re related to the mdex of refra;etlon by

*-}The real part of the mdex of refraetlon ylelds the dlspersmn reiatmn whlch aﬁ'ects the phase of the wave,

L Dlﬂ'erences in the real part give rise to circular birefringence. The i :magmary part of the index of refraction

"'.:ylelds the attenuatmn constant which” affects the amplitude of the wave. Differences in the imaginary
“part give rise to circular dichroism which is the selective absorptlon of light bdsed on the sense of circular
o poIanzatlon Assummg a lmear, 1sotroplc, and rarelﬁed medium, the Ucomplex mdex of refraction can be :
"_wrlttenas SR o o
: Ny = ‘C'_* o o (280)'
€0 ' . . . : : S
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: _-.":-_where €x is t}xe dielectric constant & eo is the permittxvty of free spaee and we 've assumed ,u ,,ug Usmg_'- '
5 --'.-'_-_'Ma,xwell’s eqns : SR L . ST

over every atom or moiecuie i the medmm The Hamxltoman of the system 1s N

o .--_:_-_'}‘he geﬁeral staée of 4 smgle atom can be expanded' mfthe elgenbaszs ef ’Hg

e G L |n) nin) hwnlm i PIE (285) -
0 '_:If W 0 then c,, wouid be mdependant of tlme Insertmg thls mto the Sehrodmger eqn BT
'H l‘II) 6t

' i Pro 4ectmg e'““’kt Ik onto both SldeS of the prevmus equatlon and rea.rrd,ngmg g}ves the exact equa,tmn

To treat thls system of coupIeci hnear dlfferentzai equatlons, the followmg apprmclmatlons a,nd assump—_'.

| @ S e

- .The dlpoie moment is a;ctually the quantum mechamcal expectation va,lue of the dxpoIe operator a,vera,ged' ' _

"h_c’”(*)”z"ﬂ(t "‘”’"‘(klwtm . : (287)'_1_ L

wkn—wk—wn ' . : . (288)'_' N

o tlons will: be ma,de Fu:st we will treat W as 4 small pertubratlon This' means: that the’ elgenstates of Hy " -
. -are the eignestates of H:to first order This is reasonable because the probe beam (= 20 milizgauss for'a’ 10

: : : i mW beam with 2 mm radms} is very small relafnwe to the apphed magnetlc field (~ 20 gauss) Second W R
S ..-'w111 be expanded usmg the dlpoie approxxmation (k 7= %{3525-—@. = 0 002 << 1} '

"“"“G?E" )-".: —gF 2£cos(k F—-wt}
= e[l ]
e = _1:-\,3 (1+zk fr-{- ) w.,wv:+( W%k r+ ) m]
i P : ’: *‘--( m“"“) S (a8
.i:.i'Thlrd recallthe Wagner-Eckardt M2

R
@
5
N

B "';_.2\/%{“,,%,( ,anf,mfn(quT’“nJ,) A (290).'_._:.':'

. ____.-.":"Note that only c1rou1ar polanzataon is: bemg eonsxdered so k= 1 & q = :i:l Consequently, because of the o
S Clebsch—Gordon coefﬁcuent myp =gk 1& Js i {JI = 1| [J, + 1. Because of the reduced matnx eIement
. (J f" Tk [iJ ) only those matiix elemments of W that connect states with opposxte panty will be non-zero, For

- converience, the initial or ‘excited states will be labeled d% and the final or ground states will be labeled a,. .

i To be explicit, only tliose matrix elements between appropriate states in {a,} and {b;} will be non-zero.

" Fourth, we ~will add & phenomenonilogical damping term ~;, which takes into account the finite lifetime '

: of the excited states. This is the FWHM of the resonant absorption curve.. Under our conditions; 73, is
dommated by pressure broademng, _whlch we use to extract the 3H e denszty Putf;mg this aH toghether '

bk(t = eZan(t)e“"""t { ~iwt + e“"t] (kfr S |n) - ﬂ’wbb;c _ _ (291) _
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: = _staﬁe dy- or in somie excited state bk for only a short a.mount of tlme Usmg thls assumptlon along w1th the o
i fact thati-the probe beam is weak e L ORI

".where P the rela.twe population of a ground state an Eq 291 is then dlrectly mtegrable whmh glves
o : ':_'._"e—wt : j:'- e‘zwt _' ] _ _. s

e _._=_ _'_zan (bklr gia s [ | .(294). |

g +
. wbbﬂn : w = _'th '_ wbkan + w - 570;.,

L _. i’ wb,, —_wa,. v
-____strmghtforwardly usmg eqn 284

i {Za e o +zb*wew e ‘]
Za g ‘_”“'"* tam> +Zb (t)é—f".’* tib >]
o : ._-_-_—e Z a am (Gpi |am) eqwﬂpnmt :

L "+a*b (t) (a,,,f ff-‘{b ) e"“’“?“i

B () (el Flan) € wakamt

The exi)ecatmn va.lue of the dipole moment for & smgle atom (d > 18 calculted

'_*—e(‘I'IrI*IW

i

Agam, only those matmx eiements between appropriate states m {an} and {bk} w1ii be non—zero Pluggmg o
111294 S : SRR : _ . _ R

<‘f> i ._eZ bk(t am (bkl'r!am) e““*’*“m‘wcl

Sk

3 E a5am (anir stbk) (bk;r;am) ghemt

m; k,n

( SRS 5 )+cc R ¢ R

w ~i~ 2%,, - wbwn +w + 2%5
Averagmg thls smgle a,tom expecation value over aII atoms in the ceII and rearragmg a few terms _ :
< celll ﬁ Z a'"'Er 8lbk> (bkirfan)

. 1n .
S ewt___._- - e—twt '_ i s
S . +CC. .
wbmn-—w -“’ka: wbba,%w+ ’th R
e ' '

. _. . _ _}; —iw ZP .(anlr Ibk) (bkh‘ taﬂ)

N

+ +c e . (9
wbleaﬂ. - 2'}’% wbhan +w + 27% : ; . : _
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& equlhbnum-under optlca.l pumpmg condltlons most a,lka,h metal atoms a.re e1ther in some ground;: _ i
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. Ef_The relatlonshxp between the mduced dlpole moment and the apphed electnc ﬁeId deﬁnes the atmmc polarm_'_ S

[T 1zab111ty tensor

s ms.veetor T of the eIectron can.be expanded in the sphencal basxs
. Tﬂ" .:.:-TB+T_1+T+1 R R v - .
= 'rzz~§~7'__e_ :_+r+e+ S o (300)

here € £5 that deﬁne 'the two. states of cucuiar polanza‘mon USlng these two relatmns, -
: expecatlon value of the atomic polanzablhty averaged over all a.toms in- the cell for a glven c1rcular
: pola,nza.taon of mc;dent lxght is: L : : : : '

‘“”’_-;’":* b ey _'”ff’[wsw i fwbm,._wﬂ—;%,,]_ e b
| :_'_:j '3 4 Exp11c1t Calculatmn of Atomlc Poiamzabihty

i _'.1 '_{’rans;tlons and Frequenmes

o The generai formula for atormc pola,nzablhty 301 1s a sum over alI tranmtmns from the ground btates to the' .
i _'-'_the final states. In pnnmple, the correct states to use are the mlxed hyperﬁne elgenstates However, this is -
o comphcated and tediotis. It is much easier and a very good a,pprommatlon to consider just theé mixed fine

(299)'__*,: S

' _structure elgenstates This can be seen by’ consxdermg the scale of the various sphttmgs for Rubidium. The

i hyperfine: splitting is about '3 GHz. The fine striscture splitting is about 7000 GHz. The phenomenologlcal _
- :_'."_.'da,mpmg term & is the FWHM of the 1 pressure: broadened absarptlon cutve. In a typicai target cell, this ~
s about 170 GHz The sure broadening renders: the the hyperfinie structire u

solved. Therefore, it

should be sufficient t6 consider. eniy the mixed ﬁne structure states Note that we are ina sense 1mphc;tly._ o

"_.'averagmg out the hyperﬁne sphttmg R

Let’s specxa,hze to an alkall metal atom The tw0 ground states {ian)} are the ground term states n Sg: L

o s ’“*w L B
L The Bix’ exc1ted states {]bk)} are the exmted term states n2P%,%:'__ o
(s=D)re-n o (J—l%a-—-n) S e
M= gt ledog )
-m_u.’ = “2’-- 2’-*2_’+2ﬁ':f9r Ji_-_l_2] RO R (308

The Bﬁﬁeld mixes the mJ = :f:; sta,tes of the nzP Lerrn The energles for these sta,tes 111 the low ﬂeid hrmt
- and with g —“--2 0023193043718 & —2are: S . RN

t30?).'

fh
e
-
B
m
oy

S..'-

I L :
CEf, = Ef+4psB . o (308)

By = E _(5)_hVao—(§) tpB - (309)
wr o= B (Dot (N (310)
Bt S S 7 A V-7 L o
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%% - 3 Eé’ . ( ) hVao _1_2#3 B | '. : o i .-:__:_: ; (314)'_'

R :'::; For nght mrcularly polanzed hght (whlch hd.S +I umL of anguiar momentum) the poss1bie transxtmns are: '

B

.:.._: S%;“;‘>Hal Ps +;> s P1 I> '_ _' Lo (316) _

i '_For Ieft czrculariy polanzeci hght (whlch has 1 umt of anguia.r momentum) the possﬂ:ﬁe tra:nsxtlons are:

S%,+_>(—} a1 P_%.. 2>+a2

2/

S%:“}“”§> H . (_3_1 P—g; _‘2">—G2

o Sz‘;f§'> :: o Pg’:—‘2‘>._ i o _' : ) _' S (320)
L Now we wﬂl caiculate the frequenmes for each of th%e trans:’clons It w111 be convement; to express these :
T frequenmes w1th respect to the 2010 ﬁeld D1 and D2 tra,nmtmns frequenmes : o
B -_W B - (5) w.s('). "_". 271‘:/% o . o (321) -
EP—-ES.. ] o T N
w% . :—ﬁ,—+ (5) &_).so_ : 2.‘.77.!/%: K 3 o . _ _;. (322)
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'.':;_:"‘.:fﬁw'.'_ = :3.

ey

e
(a6

: where the Jw terms refer to the pressure sh:ft caused by the buﬁ'er gas The trans1t10n frequencxes w111 be " i

Iabeledas wf “"-—"“—AER.‘__“_:___ i

€

= wg+y—3. o '. ._ L . : .(32'9)

:w%_(é)#_‘g . _ __(330.)_':

€ 7

RRlmi b, 3YHADKR . B EIKE BRI '5
Ty '

3

=¥ ~[F

B : (328)
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L 83 aglke. Mlpog S o

L
Yie T 947 \3) %
T R _“ NB : ol : :

3 4 2 Osc:llator Strengths and Radml Matrnc Elements TP o
Evaiuatlon of the ma.trlx elements wdl be bneﬂy descmbed a,nd then exphmtly caiculated Each matroc o

g ‘element is composed of an‘angular part and'a radial part “The two parts can be separated using the. Wagner—' o L

S ‘Eckhart Theorem. The angular part is s1mpIy the squa.reroot of the statistical weight of the final state and

g Ciebsch—Gordon coeﬂ’xcxent The radlai part is obtained by makmg a'connection to the oscillator strength L

B | - of the transition We are makmg the apprommatmn that a small B—ﬁeld makes a neghgible dlfference to the .
o radlal wavefunctions of the atom.. (Need to Justzfy this: asserttan) o .
: Suppose that a umform spectrum of hght ranging over all frequen(:les is 111umma,t1ng an aikah metal _

' :atom i it’s ground state. The probab:hty that the valence electron will undergo some transition is unity.

v ':.':'However, only certain discrefe frequenmes of light will be absorbed and resulf in a transition. The probabllty i

sum over ﬁnal states and average over 1mt1al states for a transﬁ.lon between two terms

f1—|»f 21;1;) 2?1’:;. 1 [Zi(‘]fi m_f! l‘fhm%)i :’ .. (333)

__'Recall the ngnor-Eckardt Theorem T _ S AR
(Jf’mflT 'J"m’) W “Jnmz! (k%qii‘]famf)} (Jf||T’° EEJ> e B

Note that the operator F=3 1tself is complex rg : zry _:i&p_;'_)lyi'ng this

"-f':‘_.-jtheorem, we get in goneral: ! IR E R
o ](LJ,,mf[ ; ;LJ.,m.o[ <LJ4,m,;r__q |L1,,,'m,~) (o] Lm) @)
B B = R e L L
ﬁmma all37,mp)] (L |=~ AR N
m((Jf,l)mf, ol ymy) |
| —ﬁ‘_T ((Jul)mnqi-ffsmf)KL I[ lstLJ. | '- (337) .

. .'ﬁ'for a particular transztion to occur is given by the oscﬂia’cor streng{:h The rediiced osc1Ilator sf:rength is the . .

‘The 1ast term in t;he product is Just the ‘hadutis square radlal matrix element whlch we are gomg to R
‘relate to the reduced oscﬁiator strength. : The other terms are square roots of statistical ‘weights and and ¢

CIebsch~Gord0n coeffiments ngner 3j symbols can’ be used to relate these quantltes The. 35 sy_mb_of
'm_l-'_ ma m'é

R AN A ( 1)11—Ja—ms':' B . o L
(ﬂj’:i T{fz 7‘3133 ) = W— ((31’32)m1’m2133’m3)'sz+m2+ms o : (338)

T '—fl—iz—Js LT .71 .- - . S g o

sta;nds for the addltlon of a,ngular momenta of 31 and jg to give _13 : _' R

Usihg fhesé telationships-': '

( 1)": Temg ' ' —Feg e I)Ji—l—M.f. : L o S
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: where mf = m‘ +q’ We ﬁﬂd

((Jf: mf}_q I Jumz) =

\/2.] +1

Therefore we can Wnte the modulus squared matrlx eiements in general

( 1)2Jf+q‘+1 '

KL.;,.,mf{?'q ILJ.,m;)' W ((Jnl)mnq l J.fa rt ||LJ‘ f | (342) : :

o For mmphmty, the CIebsch—Gordon coefﬁment in bra,ckets wﬂi be relabeied (m., q E J fim f) such that m,%«q =

S .Note: that the corivention is that .f < 0 for emission and f > 0 for absorption. In’ other words,
o the phys;cal process under consideration determines the : sign for f and 7not the (= 1)2"'5‘*“14'1 factor. - The

oscﬁlator strengths for the Dl and D2 tra,nmtxons will be labeled f i a.nd f 3 respectwely Usmg thlS notatlon e

) J = 5; SL, J ;= J PJ, and the zero—ﬁeld frequenues for the trans;tlons o

é 3

__‘_,5> s, “5) =

e (PJ,Mf{T‘_l S1,'m§> :

..mf_.“'—"% :

{PJymfITO

SL, I>

(Pmef|T+1

1 S

Sl +1> (Pj,mf!’ro

9 (PJvmff"ﬂ

(PJam.fl "“-1

: me_IPJ"r “Siﬂ +‘_I <1 1i 3 mf>2+<_%ofpjmf>2+<_%+1IPJmf>’

3o 2+l E

+< 2 liPJ,mf> +< UIPJ:mf> <+2 +1!PJamf> SRR R o

Note that each matmx element was chosén 16 b posmve since we are consuiermg absorptmn The Clebsch-.-'

o _Puttmg in these va.lues, _we get

x(<«-- OIPI,_ 2>:.% .

- Sl

s . _Gordon coefﬁments fcr a,ddmg a,nguiar momenta of 1 and ¥ are:-

g 11\ L mfpI
< 2’mf”:2|2’mf> = 7— ~:me o e

m (e s

<_—--;—,_+1[P_1_'-,+-> +< —1—~1|P1,-~1~> <+ OIPI, 1>(3}7)'

3 410 3 L1 3o +1)

s

2:
_<2+_§'+ -E- + e (343)._

b Ine
n

Nl

BETEAE]
CTE Y O L
Twg

C1zm I\

Si

I hotmd) () sCained)

L~ L

N
+<§ 1iIP§,;>2'< 101P1+ >2+< +11P§; >2 .' '(35"0').

“S‘N ("“‘:‘L% '}1+§“§1+§+}1+§+§ g_+;;g) (351)
| | | (352)

31

1)2J;+q+1 V2J + ((J,,l)m,,qi‘ff1mf) : .. . (341)

e



th zero—ﬁeidmodulussquamd 'éidiai-i:rﬁéitr’ixielérgents:.:a_f_r:e:"' s

The modulus squa;ed matrix eIements for transmons'mvoivmg the absorptlon of photon wﬁ;h hehcxty .

5 ~i~1 are caIculated below Note that smoe we are consaderlng absorptlon, the pos1t1ve 31gn 1s taken

o 2h

: i(P%’ +% T+ S%’—§> 2 _. _. % <_%’ 1 I PB .|. > |<Pa ” “31

+
-_§ 1Y) 3h ‘h
= :

mw; mw l

It

)

=L ( -§+____) 3h f;'_.- - (_355):. |

s k®  

P (+§-++—3)3hfs=3ﬁ o _- it (359')1*'

: The modulus squared matnx elements for transztmns mvolvmg the absorption of photon w1th hehclty L1:

Kt - 3fsnd b

T

mwl 2 -

S 2 2 5
+§, 1[Pg,——~»> KPs

-li'

3

(%,;1 1Pa,——> KPa

2 Jws ¥ 4mw,a 2

I e}l

z.

2.2 WWﬂ z 4mwg

S Some Df the excxted elgensta,tes { ibk)} are mlxed states These matrlx eiements are evaluated in the foilomng' S
G way Note. that special care nieeds to be taken for the 81gn convention of this matrix. element The absorption R
- sign’ conventlon dictates that the whole matiix element must be p031t1ve A negative sign is needed tomake . .

@6

s e

 %¢@;3%ﬁ rg ;w@ 

¥ the whole matrix elemerit posmve Note that since the first two tefms are from the previous eqis, they
- already 1mphc1tly take the negative sign into a;coount to yerd posmve valu% However, the crossterms need '

S ' an exphcxt negatwe 31gn for consmtency
(Ci= <Pg,:i:§[+a: <P%':,':h§ )T;t —E—cz

S%,ZF—2-> Sl,'—'F > <P1 2 Ty S’;,iF—z—
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L '_:'The cross terms w111 be exz)andEd usmg WE thm a

L . —'cl.c.; <P%,:§:§ T:I: 8%1:F-><P%’i“ .

2/\ 72
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(379)

_ (380)

. o

' :'.Note that when sthhmg the order of the two a,ngula.r momeuta (_11, _12) bemg added together in the Clebsuh~'

_ Gordon coefﬁment a minus sign can be picked up:

((.?11.72) mh mzrf.?ss ms)

(- 1)”“"“"” ((Jz,Jz)mz,mliya,ms)

(382) |

o ._ Note aiso the foHowmg reldtlon between radlal matr;x element and oscillator strength used above:
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_ :. ThlS 1s the ca,se for the Iast three terms caluculated above Puttmg tins toghether, we get

Sl,

2

T:i:

4
4

N

i -_ 3 4. 3 Atomlc Polarsza‘bxhty for Clrcularly Polarlzed nght

c24m

f.& "!’C_r“)

 n / iy / S
W§f1i6162 iy | g (_384)

= :Puttmg thlS altoghether, the atomic poia,nzabxhty for rlght czrcularly poi&mzed hght 1s
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fa)( f
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The atormc pola,nzabihty for left cn‘culariy polanzed hght is: e
RRAR I A S R
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Rearrangmg a, few thmgs
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' :'There are qulte a few 1tems te note abeut thls equa.tion,

1 The energ1es of the :i:1 sta.tes in the P terms used low ﬁeld energles approxunatlons They could have- e

o _'very well have been the exact vaiues 1f necessary

';'_-The rmxmg coeﬁicrents a; & as are only reieva.nt fer the m,f = :I:1 states in the P terms The exact- S
" values of these coefﬁcrents depend on the 51gn of mj. However the Iow ﬁeld apprommatlons ef ai &._ o

S _ﬁ._-'ag, wh1ch we wﬂl use, do not depend on the sign of m,;

_;_"_Pg: 15 the frax:tion of atems in the m,; = i:1 ground sta,te Therefore P+ + P_ _" 1 a.nd P+ -—.'P.. = P L

o 4. The eieetron mass is m and the a,bsolute value of the electron charge zs e

5 .-_-In prlnelpie, the oscxllator strengths fr 2 a.re aﬁected by the temperature a.nd the den31ty of the buffer [N

Lk ‘make the approxxmatron that for both Rb a.nd K that fl w and that. fg r 2 Most'
e beok va,lues are quoted with an uncert:rmty of about 10% Therefore, usmg these apprommate values'. '
j__-_for the oseriietor strengths under most. condrtwns is good enough : S SRR

6. For measurements w1th near resonant hght wr wx Y the (wg + w + ) - _terrh: is' f‘_{iehi_inated _by the RS

o ({.u‘o “w + ) term Therefore, \_ve w111 keep only the demmant term

X For Rb we' w1II be scanmng about the. D2 tra,nmtlon For K we w1Il be scanmng close to both the

"_'Dl and D2 transitions bécause they happen to be close together. Therefore it is safe to replace the

L _ Applymg all of these apprommatlons and makmg substitutions to be consrstent w1th the hterature

' _. Wi s located under the oserHator strengths wrth the prebe bea.m frequency w. This Wrii prove to be -
a convement approxmatmn SRR : SR _ : :

' __._'(;.3'33) -

3;'::';_ : P{-’- = 1 :}:P
Ay = ()
= - (300)
L

By = (392) _

@9

i _1:;:19 Q2 4 i \7' a1xP1_ Q2] 5\ . i
( ) = _[3.’%,09}(‘&‘ ()Q 26) 3 E:Fwwg A“h(ﬁ)ﬂ_i

25

' Fmaily, the exphelt and specn‘ie formula fer the atomic polanzablhty takmg mto aceeunt ﬁne structure_
mncmg vahd for K and Rb is: - : s . : .
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- : 3 5 Exphcxt Calculatlon of Rotatxon Angle o
e Reca,ll the foIIowmg relatlons in SI unlts

k_i-'_.' =1

S PR

e
e
o (sgg)_-‘-.:

(399)'_' S

f-._where [.A] is the dens1ty of the medmm, W}nch in our case is, the a.lka,h meta.l vapor The forumla for the:- e

L Faraday Rotatmn angie is:

' "”"J'".‘f?._ﬂ':._i“-“?';—(kz kR) ”ﬁ o

26{)

lw [A}

L iy, ( 5 %). : e . _. (.@.)_

[ B T (404)
L A useful small ﬁeId expanswn, lowest order in 02 for the real part
= ' A+ gﬂ
(CAg0) 4

'il'-

. Sy
' Re( A:I:gQ-I-—'y)

- i - (1+ do)-ms(lle))  wm

= ( A:!:gﬂ) [A2+g2ﬂ2:}=29AQ+ ] S (408)
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Puttmgthxs in: - .'




R Note the use of the relatlon wso = &1 Agz Only terms 10 ﬁrst order i ﬁeld (ﬂ) have been kept The ﬁne i

e )
L+

b >

"“‘il

: Structure Imxmg pla,ys a31gn1ﬁcant role in the rotation due to the ﬁeid but a very small roie (2mi order in’ . _'f:ﬁ: . '

s : ﬁeld) m the rotatlon due to the polanzatzon Puttmg thzs znto the angle formuIa, we get

';-_-"zw[AIP' e _A% oAy

. 12¢eg e A2i+4’7’g A§+§72’§

--_.'+zw{,4]ae 4 [ TTBT BE| g I laga 0
: 36ceg . miw A% S A% eF AgAL | 7 A
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i/ +4A%.+4A%+1?A§A

38



i _' Note that the w’s cancel This is an apprommatmn as. noted before The rota.tlon angle ¢can ‘oe wmtten as a.

'_ _ _'sum of the parts due to the polarlzation and the ﬁeid ) y
opi

i

21r x FWHM i

Hi' i

et

(420)

(421)

4 S R T 1+

R Y A S +‘*"“£+1

6AA

(423):_: |

o If the detumng is large (A >> ’y), _then the rotatlon angle formulas ca.n be mmphﬁed:

s

I[A]PA (

12mceo

=152

I_M].-B (36mc60_h

' 3 6 Comments on C:rcular chhrozsm '

5 .'_-_4 1
o4 2
4 3

o A . ’PhySlCal Constants

. 4 Experlmental Apphcatlons |

o " AH thls wxii be a part of versn)n 2 O whlch 1s underway'

){;

_4.+
o8
a .-

7

2

Kigff-" Ay A

General Consxderatxons to Measure Fa.raday Rotatlon _ _
Measurmg Alkah Nurnber Densﬂ:y w1th Alkah Polarlzatlon = G
Measurmg Alkah Number Den31ty w:th Alkah P()Iarlzatmn # 0

Measurmg 3He Denszty

Measurmg 3I—Ie Polar;zatlon usmg EPR

)

: .:.-.-:Thls isa ilst of physwal constants used in thls note AH umts are in SI These numbers are quoted from the'_". o

o 3NIST websate htip: //physzcs mst gov/euu/ G’onstants/ They quote the 2002 CODATA recommended values o

Symbol

Value:

Umts

_Descmptlon SRR

17250 702 T

‘1 definition of tﬁe speed of Ilght

6.626 068: 76)(10"‘“

Planck constant

1,602 176 462x10~1°

“electron eharge magmt.u.de

S

9.109 381 88x 101

electron mass -

e

| 8.854'187 817x10~*

| permittwlty of free space -

Ho

A e 1077

permeability of free space

A

9,274 000 949>< TR

Bohr magneton .

Wy

5.050 783 43x10~27

Nuclear magneton

gs.

-2.002 319 304 3718

unitless -

-electron g-factor

39



B Physwal Data cf the Alkah Metals |

: Thxs is a list" of physxcai data relevant ’co va.nous a,lkalz metals All units are in SI unIess othermse noteci
. “Sources are NIST" website hitp //physacs nist. gav/PhysRefData/Handbaak/mtm him and Reference Data on -

REC

- Mass |

Abunda,nce;

Spm

L i Atams, Moiecules and ITons by A/A. Radzig and B.M. Smirnov published by: Sprmger~Verg1ag (Berhn) 1985 _' :
o Isotope : :

Avigs |

Ay

fraction. |

‘Mag. Moment
N '

' g—factor

MHz

:6_._015:'-12?{

7016 003 | -

0% 000 |
0.925 000

+0. 822 056

| 43.956 44

10.822 056:_
+2.170.960 -

228 0526
- 803.504 09 |

[ PNa

53,980 767

~1.000 000

1221752

+1.478 347

T771626 13

TR

K

s doge

38.963-707

130.963 900 |
40961835 |

0932581
0.000 120 |
0.067 302:| .

7030146
—1.208:
10.21487

.40.260 973 |

—0.3245 -

+0.143 247

461719 72

osdo13er |

T BRb

" 84.911 704
© 86.909 187

- 0721700 |
0.278300 |

_+_1.'35_3_02 o

1 +2.751 2

“0:541 208
$1.834133

"3035.73200 |

6 834.682 60

s 13308

132, 905429

~ 1.000 000 |

' 2 579"

SIS ST STURENIEH S ST _:

| 10.736 857

919263177 |

1o DZ-"'- e =
“nm_ | frac o - GHz
670,776 | 0494 | .__9._9_94_181 o
588.995 |- 0.637 | _:_5_1533_85._.933- i
766,490 10.73 | 1730.321 444"
1780.027 | 0.67 7:124,694 632 | -
852.112 | 0.81 - 16 614 247, 210 :

' 'ﬂE}ernénﬁ_ I -Mass, Ground D P A
o[ [ emu| State | nm | frac
oo Lithium [ 6941 [ 2 7 [ 670.791 | 0.247
| Sodium’ - | 589.592' | 0.318
- [ Potassium. | 769.896 | 0.35°
‘Rubidium 1 794.760 | 0:32
[ Cestum 894.346 | 0,39

RTINS ._céa_-w

132.005 |
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